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This paper defines the Normal Euler Number and the Normal Euler Class for polyhedral surfaces in 4-space by 
means of singularities of projections into hyperplanes. There exist polyhedral analogues of nearly all of Whitney’s 
theorems on Normal Euler Classes of surfaces moothly immersed in 4-space. However, although the Normal 
Euler Number of a smooth embedding of the real projective plane in 4-space must be plus or minus 2, the Normal 
Euler Number of a (locally knotted) polyhedral embedding of the real projective plane can be any integer 
congruent o 2 modulo 4. c 1997 Elsevier Science Ltd. All rights reserved 
INTRODUCTION 
For a smooth surface immersed in Euclidean four-space R4, at every point there is a plane of 
normal vectors, perpendicular to the tangent plane at the point. For some immersions, it is 
possible to find a continuous field of nowhere zero normal vectors while in other cases this is 
impossible. In 1940, Hassler Whitney showed that, for any normal vector field that is zero at 
only a finite number of points, it is possible to index these points so that the sum of the 
indices is independent of the vector field, thus defining the normal Euler number of the 
immersion [19]. Exactly the same sorts of constructions can be made for tangential vector 
fields on the immersed surface, leading to the definition of the tangential Euler number. For 
tangential vector fields, the tangential Euler number is a topological invariant, the Euler 
Characteristic of the surface. The normal Euler number of an immersion, on the other hand, 
can be different for different immersions of the same surface. Whitney proved several 
properties of the normal Euler number: For an embedding of an orientable smooth surface, 
without self-intersection, the normal Euler number is zero, and for an immersion of an 
orientable surface, it is related to twice the algebraic number of double points. Furthermore, 
for an embedding of a non-orientable surface, the normal Euler number is even and it is 
congruent modulo 4 to twice the tangential Euler number. 
In 1941, Whitney conjectured, but could not prove, that for an embedding of a non- 
orientable surface in four-space, the absolute value of the normal Euler number was less 
than or equal to twice the absolute value of the tangential Euler number, so in particular, 
the normal Euler number of an embedding of the real projective plane would have to be 
plus or minus 2 [203. That fact was only established twenty-five years later, using very 
sophisticated techniques from algebraic topology [15, 171. 
In this paper, we construct a theory of normal Euler classes for polyhedral immersions 
of surfaces into four-space. We start with a triangulated surface and consider mappings that 
are linear on each triangle. Such a mapping is an immersion if it is one-to-one on the star of 
the vertex, i.e. the collection of triangles and edges containing the given vertex in their 
boundaries. We cannot define the normal Euler number of a simplexwise linear immersion 
by the same methods used in the smooth case, simply because there does not in general exist 
a plane of normal vectors at a vertex or at a point in the interior of an edge. We can however 
find an interpretation of the normal Euler number of a smooth surface that is so geometric 
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that it applies as well to polyhedral surfaces, and with such a definition, we can establish in 
a direct way versions of all of Whitney’s theorems about the normal Euler number of 
a surface in four-space. However, we cannot establish Whitney’s final conjecture in the 
polyhedral case, simply because it is not true-we will exhibit polyhedral embeddings of the 
real projective plane with normal Euler number six, and more generally, polyhedral 
embeddings of non-orientable surfaces for which the normal Euler number is any even 
integer congruent modulo 4 to twice the tangential Euler number. In contrast to the smooth 
situation, these examples all have a point where the surface is locally knotted, so that any 
small 3-sphere about the point meets the star of the vertex in a curve which is knotted on the 
3-sphere. 
The results proved in this article were announced in a preliminary form by the 
first-named author in 1974 and they were used in his paper [3] on normal curvature in 
four-space. The present revised and strengthened results are based on techniques es- 
tablished by the second-named author in his thesis at Brown University [ll]. In recent 
years there have appeared a number of related approaches to normal Euler numbers for 
polyhedra, including the first author’s joint work with McCrory on normal Stiefel-Whitney 
classes [6,7] and the work of Roseman [18] and Carter and Saito [S, 91 on surfaces in 
four-space. Related work is found in the papers of Kamada [13] and Gromov, Lawson, 
Thurston, and Kuiper on hyperbolic manifolds [lo, 14-J. In recent years, the focus has 
shifted from the normal Euler number to the related normal Euler homology class. For an 
accessible treatment of the geometry of such characteristic lasses for smooth objects, see 
[S]. Insofar as possible, we have recast our results in the polyhedral case to deal with 
normal Euler homology classes as well as with normal Euler numbers. 
DEFINITION OF THE NORMAL EULER CLASS BY MEANS OF SINGULARITIES OF PROJECTIONS 
Letf: M2 + R4 be a smooth immersion of a 2-dimensional surface M2 without bound- 
ary into R4. For each unit vector 4 E R4 we may assign to each point p E M2 a pair of vector 
fields r;(p) and s+(p), where t;(p) is the projection of 5 into the tangent plane Tf(M2) at 
f(p) and r+(p) is the projection of [ into the normal plane if(M2) atf(p). 
If <T(p) = 0, then 5 is perpendicular to the tangent plane off(M2) atf(p), and the height 
function 5 .fdefined by (5 .f)(x) = 5 .,f(x) will have a critical point at p. For almost all 5, the 
function 5: .f will be a non-degenerate Morse function with only maxima, minima, and 
ordinary saddles as critical points (by an application of a theorem of M. Morse). The 
number of maxima plus the number of minima minus the number of ordinary saddles will 
be independent of the direction used to define them, and this common value is the 
(tangential) Euler characteristic of M2. 
We now proceed to define the normal Euler number offin the same way. If c+(p) = 0, 
then the vector < lies in the tangent plane of f(M’) at f(p) and the projection 
t10f:M2 -R3(<) to the 3-space R3(<) orthogonal to 5 defined by {'of(p) =f(p) - 
(rf(p))t will have rank less than 2 at p. Thus p will be a singular point of the mapping 5’ of: 
A typical example of this phenomenon is given by the map of C into C2 given by 
f(z) = (z2, z), or in real coordinates by f(x, y) = (x2 - y2, 2xy, x, y). If we choose 
t: = (0, 0, 0, l), then t1 of(x, y) = (x2 - y2, 2xy, x). Since 
L (<’ of) = (2x, ZY, 1) and L (5’ of) = (-2y, 2x, O), 
the rank of 5’ 0 f is 2 except at the origin, where it drops to 1. This singularity is an example 
of a “pinch point”, often also called a “Whitney umbrella” [3]. Note that this point is an 
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endpoint of an arc of double points of the image of the surface in 3-space. If (u, u, w) are the 
coordinates for R3(<), then the line segment defined by x = 0 is mapped in a two-to-one way 
to the negative u axis, and the origin is thus a pinch point singularity of the mapping (Fig. 1). 
A neighborhood of the singular point takes the form of a “cone over a figure eight”. 
Whitney showed that, for almost all projections of a smooth surface into R3, under an 
appropriate change of coordinates, all of the singularities of the mapping will be of this 
form. 
In the above example, the original surface is embedded in 4-space, and for each point of 
the double curve in R3(<), there are two preimages, one of which is higher than the other in 
the 5 direction. For example, in the previous example the point (- 1, 0,O) has two 
preimages, (- 1, 0, 0, 1) and (- 1, 0, 0, - 1). The first of these is higher in the 5 direction 
since <.(- l,O, 0, 1) = 1 while t.(- l,O, 0, - 1) = - 1. The situation is somewhat more 
complicated if the surface in 4-space has a double point, where two parts of the surface 
intersect, similar to the intersection of the x-y coordinate plane and the u-v coordinate 
plane in 4-space. In a neighborhood of the projection of such a double point into 3-space, 
the image of the point will lie in the interior of an arc of double points. As we move along the 
double curve, we can determine which preimage arc is higher and which is lower. This 
determination will change as we pass a double point, and only then. The double points of an 
immersion into R4 are isolated, and for almost all projections, none of these double points 
will be singularities of the composition l1 0J: 
For each singular point, we can find a small ball centered at the point which contains the 
image of no double point. The boundary sphere intersects the image of the surface in 
a figure eight, with a crossing point where the double curve pierces through the sphere. One 
of the preimages of this crossing point is higher than the other in the 5 direction, and we can 
use this fact to indicate that one part of the curve crosses over the other, similar to the 
convention used to indicate overcrossings and undercrossings of knots in 3-space projected 
to a plane. To index the singularity, we first choose a provisional orientation on the figure 
eight and then consider the two tangent vectors at the crossing point. If the rotation from 
the tangent vector of the lower point to the tangent vector of the higher point is counter- 
clockwise when viewed from the outside of the sphere, we assign the index + 1 to the 
singular point, and if it is clockwise, we assign the index - 1 (Fig. 2). 
We observe that if we reverse the provisional orientation of the figure eight, then the 
index of the crossing point does not change. Thus this procedure assigns an integer index to 
each singular point, whether or not the original surface can be oriented as a whole. 
However, this index does depend on the orientation of the sphere induced by the orientation 
of R3(c). We get index + 1 when the position vector to the crossing point, followed by the 
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Fig. 2. 
lower tangent vector, followed by the upper tangent vector determines apositively oriented 
frame in R3(t). A frame in R3(<) is positively oriented if the frame followed by the vector 
5 determines the standard positive orientation of R4. If instead of t, we project from - 5, 
then we obtain the same singular points. The orientation of R3( - 5) is opposite what it was 
before, but the lower and higher tangent vectors at the crossing point also interchange. Thus 
the index of the singular point is the same for projection along - 5 as it is for 5. 
For a sufficiently generic smooth immersion of a surface into R4, for almost all unit 
vectors 5 in the three-sphere, the projection t1 ofinto R3(<) has only Whitney umbrellas as 
singularities. (This follows by an application of the Morse-Sard Theorem.) A direct way to 
show that the sum of the indices of singularity for one such vector t(O) is the same as the 
index sum for any other such vector ((1) is to find a generic path t(t) for t running from 0 to 
1 and to keep track of the pinch points of the projections along r(t). It can be shown that 
these points trace out curves joining singular points of the same index, with a finite number 
of positions where two points of opposite index come together and disappear, or where two 
points of opposite index appear. For smooth immersions, this argument is given in detail 
in [S]. 
We now wish to adapt this geometric characterization of the normal Euler class of 
a smooth immersion to the case of a polyhedral immersion. In contrast to the smooth case, 
in which it is a subtle matter to prove that almost all projections give good singularities and 
that the index sum is independent of the projection direction, we will be able to give 
straightforward and explicit proofs of the analogous tatements for polyhedral immersions. 
A simplexwise linear immersionf: M2 + R4 of a triangulated surface is said to be general if 
the images of the vertices of M form a set in general position in R4, i.e. so that no five vertex 
images lie in any (affine) hyperplane. In particular, the images of two triangles at a vertex 
cannot meet any point other than the image of the vertex for otherwise they would lie in 
a 3-dimensional subspace. Thus the star of any vertex, consisting of the edges and triangles 
at the vertex, has an image in R4 that is an embedded polyhedral disc. It is, however, 
possible for the mapping to have isolated double points if the images of two triangles with 
no common vertices meet in a single point in 4-space that is the image of one interior point 
from each triangle. Iffis a general immersion, with images of vertices in general position, 
and if 4 is a unit vector in R4 which is not parallel to any hyperplane containing four vertices 
off(M2), then 5’ of: M2 + R3([) is a map with images of vertices in general position in 
3-space, so no four vertex images are coplanar. In this case, it is possible for two triangles at 
a vertex to have images that intersect in a segment of double points. Furthermore, two 
disjoint triangles in the surface may have images that meet in a segment of double points. 
Two triangles in the surface that meet in a double point in 4-space necessarily have images 
in 3-space that meet in a double point segment containing the image of the double point. 
The collection of double points in 3-space consists of segments that meet the images of edges 
of M in single points and which, joined together, form either closed polygons or polygonal 
arcs beginning and ending at images of vertices. Just as in the smooth case, a small sphere 
centered at the image of a double point in 4-space meets the image of the surface in two 
circles, crossing at a pair of antipodal points. On the other hand, a small sphere about the 
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image of a vertex intersects the image of M2 in a spherical polygon which may be an 
embedded curve or a figure eight, as in the smooth case. Unlike the smooth case, however, 
the spherical polygon arising from a generic projection into 3-space may have arbitrarily 
many crossings. Nonetheless, at each crossing point of the spherical polygon, we are still 
able to determine which part of the spherical polygon is higher in the 5 direction, so we may 
assign an index + 1 or - 1 just as we did in the smooth case. The index v(<,f, u) of the 
vertex is defined to be the sum of the indices of all the crossings at the vertex o. If there are no 
crossings, then the index is zero. The situation becomes clearer as we consider some 
examples (Fig. 3): (This last example is an example of a vertex star of a locally knotted 
surface). 
The normal Euler number is defined to be the sum of the indices of each of the vertices 
of M: C4Lf)l = C”& v (<,f, u). We now wish to show that this number is independent 
of the choice of the vector r used to define it. In order to do this, we introduce the concept of 
the normal Euler class for a polyhedral surface. We start by defining the O-chain 
v(L.f) = C”&q’ v (&f, v)v where u is a vertex of M’. We then establish our first proposition: 
PROPOSITION. The homology class of ~(5, f) and the number [v(& f )] are independent of the 
gerieric unit tlector 5 in S3. 
Proof: The method of proof is a deformation argument. We consider a continuous 
one-parameter family of unit vectors 5, = t(t) as t goes from 0 to 1. There are two key facts 
which follow from the Intermediate Value Theorem. First, for fixed &, the determination of 
which preimage arc in R4 of the double curve of <: of (M) is higher in the 5, direction 
changes only at double points off(M) in R4. Second, the double curve of l: 0 f(M) and 
which preimage arc is higher in the 4, direction both depend continuously on t. 
If for all t, & is general, i.e. the vertices oft: of(M) are in general position, then for each 
v, r(<,f, c’) is constant and so v(& f) and [v(<, f )] are constant. It is always possible to join 
((0) and t( 1) in such a way that there are only finitely many values t for which the vector 5, is 
not general, and for each of these, there are exactly four images of vertices that are coplanar. 
We may picture this transition situation as the image of one vertex D passing through the 
plane determined by the images of the other three A, B, C. We consider in detail the changes 
in local indices for each such non-general situation. The only case where we expect a change 
is where D is connected by an edge to one or more of the vertices A, B, C. We assume that 
the points in the interior of the segment AD are always above those of the triangle ABC in 
the 5, direction. (The opposite case is handled similarly.) 
First we consider two simple cases where neither ABD nor ACD is a face of M (Fig. 4). 
Now we consider the cases where ACD is a face of M. There are three cases where the 
vertex D does not pass through the face ABC. In two of them, BCD is not a face of M and in 
one it is. The two cases where BCD is not a face of M depend on the position of BCF relative 
to the plane containing ABC. (Note: ABC is not a face of M.) (Fig. 5.) 
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Fig. 5. 
Finally, there are four cases where D passes through ABC. In the first two, BCD is a face 
of M; in the last two it is not (Fig. 6). 
In each case, A[v(S,,f)] = 0 and thus [v(S,f)] is independent of 5. In addition, the 
indicated edges provide an explicit homology between the O-chains before and after the 
non-general vector. Thus the homology class v(&f) is also independent of 5. 
Remark 1. In the previous discussion, we have kept the vertex positions fixed in 
four-space while we changed the projection vector 5; equally well we could have kept the 
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projection vector fixed and rotated the image of the surface in four-space. Similarly, if we 
keep all vertices fixed except for one and move it in along a straight line, then th;s 
determines a one-parameter family of simplexwise linear mappings of the surface into 
four-space. We call such a family an elementary deformation. If the original polyhedral 
immersion has vertices in general position, and if the vertex moves in a direction parallel to 
no face of the immersed polyhedron, then we can find a 4 such that there will be a finite 
number of positions for which the projections of four vertices are coplanar in the hyper- 
plane perpendicular to t. This behavior can only change when some vertex star acquires 
a local self-intersection i  four-space during a deformation. As long as the mapping remains 
an immersion throughout the elementary deformation, the normal Euler number remains 
the same. 
We can use elementary deformations to define an equivalence relation on the general 
simplexwise linear immersions of a triangulated surface, so that two immersions are 
simplexwise linear regular homotopic if they can be connected by a sequence of elementary 
deformations for which the image of the surface remains an immersion at every stage of the 
deformation. It follows that simplexwise linear regular homotopic immersions determine 
the same normal Euler class. 
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The equivalence relation defined here for simplexwise linear immersions of a fixed 
triangulation is related to, but not identical to, the notion of regular homotopy for smooth 
immersions. In particular, a classical theorem in differential topology asserts that 
two smooth immersions of a surface into four-space are regularly homotopic if and 
only if they have the same normal Euler number. This is not true in the case of simplexwise 
linear immersions of a surface with a fixed triangulation. (See the example after Theorem 
2 below.) 
THE NORMAL EULER CLASS OF AN EMBEDDED ORIENTABLE SURFACE 
We start with an example of a mapping fof S2 into R4 so that <’ ofhas pinch points. Let 
S2 be triangulated as an octahedron with vertices Ai, AZ, A3, Br, B2, B3. We introduce 
a new vertex C on the edge between A, and Bz and subdivide the adjacent riangles (Fig. 7). 
Let Ei, i = 1,2,3,4, denote the basis vectors in R4 and definef(A,) = E,,f(A,) = Ez, 
f(A3) = E3,f(B1) = - E,,f(B,) = - El,,f(B3) = - E3, andf(C) = Ed. This mapping is an 
embedding of a triangulated 2-sphere into 4-space. The part of this polyhedron lying in R3 
consists of four faces of an octahedron and a square going through the origin (Fig. 8). 
If we project down the vector t = E4, then the image 5’ of(C) is at the origin and the 
image of t1 of intersects itself along the axis from - E3 to E3. This image of the 2-sphere 
may be described as a “double cone over a figure eight” (Fig. 9). 
The index at the vertex A3 is + 1 and the index at the vertex B3 is - 1, so the sum of the 
pinch point indices is zero. We shall show that this behavior is typical for an orientable 
surface embedding in R4. The O-chain v(<,f) will always be the boundary of an oriented 
l-chain and consequently the sum of the indices of the singular points will always be zero. 
Consider a double curve of M2 in R3(<). Since there are no double points in R4, by the 
Intermediate Value Theorem we can distinguish an upper arc in the preimage from a lower 
arc by considering the values of { .f(qi) for corresponding points qi, q2. If a double curve has 
no boundary, it contributes nothing to v(<,f), We wish to show that for an orientable 
surface, if there is a boundary, the total contribution of both ends of the double curve is 0. In 
terms of a homology class, the endpoints are the boundary of the (oriented) upper arc. 
The neighborhood of the double curve will contain two intersecting bands connecting 
a small neighborhood of each endpoint. If we choose a consistent orientation for M2, this 
determines an orientation on the polygons on the boundary spheres of both vertex 
Fig. I. 
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neighborhoods. The ends of the bands and the corresponding segments on the polygons 
inherit opposite orientations. Thus we have either of the following two situations (Fig. 10): 
The indices at the ends of the double curve have opposite signs and so they sum to zero. 
As a homology class, they form the boundary of the upper curve of the preimage of the 
double curve. In the simplest case, the neighborhood of each endpoint is a cone over a figure 
eight and the neighborhood of the double curve is a cylinder. If there is no consistent way to 
orient the intersecting bands and the polygons at both endpoints, then we have a Mobius 
band (Fig. 11). 
The above argument also holds if there are multiple crossings at a vertex or if a double 
curve begins and ends at the same vertex. We have therefore established the following 
theorem: 
THEOREM 1. Zf f. M2 -+ R4 is an embedding of an orientable manifold, then v(f) = 0. 
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THE NORMAL EULER CLASS OF AN IMMERSED ORIENTABLE SURFACE 
We now consider an immersionf: M2 + R4 which is in general position so that there are 
finitely many double points. In the polyhedral case, these double points occur when two 
faces meet in an interior point of each. In the smooth case, two points with the same image 
have transversal tangent planes, meeting at only one point. For an immersion, the O-chain 
v(<,f) is not necessarily homologous to zero and in fact we can relate the homology class 
[v(&f)] specifically to a homology class constructed from the double point collection off: 
We begin with an example. Let M2 denote the 2-sphere with the cell decomposition 
given by a square antiprism. We label the vertices of the top square Ai, AZ, A3, A4 and those 
of the bottom square Bi, B2, ES, B4 (see Fig. 12). 
The mappingf: M2 -+ R4 is defined by f(A,) = E,,f(A,) = E2,f(A3) = - E,,f(A,) = 
- E2, f(h) = E3, fP2) = it- El + E2 + E3 + E4L fW3) = - E3, fP4) = @I - 
E2 - E3 - E4). The mapping is an immersion of M* with the images of the two squares 
intersecting at exactly one point, the origin in 4-space. The mappingf has exactly this one 
double point. 
If we let t = E4, then 5’ ofembeds the eight triangles of M2 and the square spanned by 
A,, A2, A3, A4 into R3. But when the bottom square is mapped into R3 it will intersect he 
image of the other square and two triangles. The double curve ends at Al and As, but now 
these pinch points have the same index because the roles of overcrossing and undercrossing 
have switched at the double point (see Fig. 13). 
We now show that this behavior is characteristic for an immersion of an orientable 
surface. A double point offin R4 will have two preimages q1 and q2. In R3(c) the image of 
this double point will lie on a double curve and a small sphere centered at the image of the 
POLYHEDRAL SURFACES IN 4-SPACE 429 
A3 
Fig. 12 
A, vR,,f,Ai )=--I 
‘44 
A2 v(E;,f,Ad=-1 
B3 
Fig. 13. 
+ + 
S(<,f.s I)= 1=6K,f,qzI 6(5,f.q1)=-1=6(5,f,q2) 
Fig. 14. 
double point will intersect he images of the two faces in a pair of circles crossing each other 
at two points. Choosing an orientation for M2 will induce orientations on these circles. 
Each circle is above at one crossing and below at the other since the arc in the preimage of 
the double curve that is above at one intersection changes to below as the double curve 
passes the image of the double point. Thus if we index the crossings as before, both crossings 
have the same indices. We assign this common index to each of the preimage points of the 
double point (see Fig. 14). 
Note that the orientation that determines the indices of the crossing points on the two 
circles is given by the orientation of the sphere. Note also that if we reverse the orientation 
of M2 itself, then the orientations of both circles will change and the indices will be 
unaltered. In this way we obtain a O-chain D(t,f) = &isD(Ij S(t,f, qi)qi. 
The main result relating the singularities of ri ofand the double points offis the fact the 
v(t,f) and - D(t,f) are homologous O-chains for a general <. The explicit homology is 
given by the upper curves which are the preimages of the double curves of t1 of(M2) in R3. 
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These upper curves form a collection of closed curves and arcs such that each double point 
is in the boundary of exactly one of them and each singular vertex at which there are 
n crossings is in the boundary of n of them. Moreover, if the manifold is oriented, the signs of 
the two points at the end of each arc will be different. As in the case where the double point 
arc ended in two singular vertices, the orientation of M2 induces consistent orientations of 
the circles and/or spherical polygons and on the bands between them containing the upper 
and lower arcs. As before, the indices at the ends of any such arc have opposite signs, and 
the upper curves give a homology with integral coefficients between v(r,f) and the negative 
of o(t,f). It also follows that D(4,f) is independent of the general vector 4 used to define it 
(see Fig. 15). 
The number [IJ(t,f)] is also related to the algebraic number of double points. Given an 
orientation for M2, we can choose an oriented basis for each of the two faces which contain 
a preimage of the double point. If one oriented basis followed by the other determines the 
positive orientation of R4, the index is + 1, while if it determines the negative orientation, 
the index is - 1. The algebraic number of double points is the sum of these indices for all 
double points. To show that - [o(l,,f)] is twice the algebraic number of double points, we 
chose a basis for R4. Assume that the double point lies at the origin, that 5 = E4, and that 
the projection of one face lies in the (E,, E2) plane while the other lies in the (E2, E,) 
plane. Then for some choice of a, b, c, d, ((1, 0, 0, a), (0, 1, 0, b)} is a basis for one face and 
((0, IO, 4, (090, I? 4) is a basis for the other. With the orientation determined by this choice 
of bases, the algebraic number of the double point is given by the sign of 
10 0 aI 
0 10 bl 
0 1 0 c~ =b-c. 
0 0 l_dl 
In R3(<) the determination of which arc is above and which is below also depends on 
whether b > c or b -C c (Fig. 16). 
Thus the index of each of the preimages of the double point in o(f) is the negative of the 
algebraic index of the double point. Since there are two preimages for each point, 
- [o(f)] = twice the algebraic number of double points. Note that in the example above, 
if the orientation of one of the faces is changed, then both the algebraic index and the indices 
in o(f) will also change. Thus we have: 
THEOREM 2. Zff: M2 + R4 is an immersion of an orientable manifold, then v(f) = - D(f) 
and [v( f )] = - [D( f )] = twice the algebraic number of double points. 
Remark 2. During a simplexwise linear regular homotopy, a pair of double points can be 
created or a pair can be destroyed. In either case, two such double points must have 
opposite signs, so the algebraic number of double points will not change, and neither will 
the normal Euler number of the immersion. 
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Remurk 3. Instead of using a square antiprism, we could have carried out the analogous 
construction for the octahedron (a triangular antiprism) to obtain a simplexwise linear 
immersionf: M2 + R4 with a unique double point in 4-space. The preimage of this double 
point consists of two points in the interiors of disjoint triangles in the octahedron. Because 
the octahedron has so few vertices, during a simplexwise linear regular homotopy, these two 
points must remain in the interiors of the same two triangles. If one of these points were to 
reach an edge of its triangle, then it must lie in the star of one of the three vertices of the 
disjoint triangle and so the two preimages of the double point will lie in the star of one 
vertex. But since the mapping is piecewise linear, the entire segments from these points to 
the vertex will be mapped into a double line segment in four-space, violating the condition 
that a simplexwise linear regular homotopy be an immersion at every stage. 
Jt follows that this immersion is not simplexwise linear regular homotopic to a similarly 
defined immersion with a double point that has its preimages in a different pair of disjoint 
triangles, even though both immersions have the same normal Euler number. 
THE NORMAL EULER CLASS OF AN EMBEDDED NON-ORIENTABLE SURFACE 
We begin with an example of a smooth embedding of the real projective plane, RP’, and 
then we will construct a simplexwise linear mapping with the same behaviour. 
Let RP’ be represented by the lower hemisphere of the unit sphere, ((x, y, z) j 
x2 + y2 + z2 = 1. z d 0}, with antipodal points (x, y, 0) and (- x, - y, 0) on the equator 
identified. Then f: RP’ + R4 given byf(x, y, z) = ($xz, $yz, (l/$)(y2 - z2), ,/?xy) is 
a smooth embedding. It is a projection into R4 of the classical Veronese surface in R6 
described in [4]. 
If we project to R3(<) where 4 = E4, the composed mapping is <‘~f(x, y, z) = 
($xz, ayz, (l/,,&‘)(y’ - z’)). The figure we obtain is classically known as a “cross-cap” 
(see Fig. 17). 
The double point set of this composed mapping consists of the points on the original 
equator. The image of this curve under the composed mapping ends at two pinch points 
(1, 0,O) and (0, 1,O) with images (0, 0,O) and (0, 0, l/a). A neighborhood of the double 
point set is a Mobius band, and the index of the two pinch points is the same, in this case 
- 1. Thus [v(f)] = - 2. To obtain a mapping g with [v(g)] = 2 we merely change the sign 
of the fourth coordinate of the mappingf: 
If we have a non-orientable surface of Euler characteristic 2 - 4, then it is topologically 
a connected sum of q real projective planes. By using eitherfor g, we can map q copies of 
RP’ into R4, separated by a translation in the 5 = E, direction. We can then connect the 
images with small tubes to get an embedding h of the surface. By choosing an appropriate 
number of copies offand of g, we can obtain v(h) = - 2q + 4r for any 0 Q r d q (Fig. 18). 
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Fig. 17. 
Fig. 18. 
Fig. 19. 
To construct a piecewise linear version of this smooth mapping, we begin with half of 
a cuboctahedron, i.e. with three squares and four equilateral triangles. We identify anti- 
podal points on the boundary (Fig. 19). 
We then introduce vertices Bi, B2, B3 at the centers of the squares and subdivide each 
into four triangles to obtain a nine-vertex triangulation of RP’ (Fig. 20). 
We can then map this surface into R4 by letting f(A,) = El, f(A,) = EZ, f(A3) = E3, 
.f(A4) = - El,f(A5) = - E,,,f(A,) = - E3,f(B1) = E4,f(B2) = - E4,f(B3) = - 2E3. The 
four original triangles are non-adjacent riangles in the boundary of an octahedron in R3; 
the square with center B1 is sent to a cone in the upper half 4-space; the square with center 
B2 is sent to a cone in the lower half 4-space; and the square with center B3 is sent to a cone 
below the octahedron in R3. Thusf is an embedding. 
If we project to R3 using t = E4, the two squares not already in R3 are mapped to 
vertical squares through the origin, intersecting along a segment which lies on the vertical 
axis and ends at the vertices A3 and A6 (Fig. 21). 
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Fig. 20. 
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Fig. 21. 
Each of the pinch points has index - 1 so v(<,f) = - A3 - A6 and [v(f)] = - 2 as in 
the smooth case treated above. 
Next we consider a projection of the smooth RP2 into R3 so that the composed mapping 
has a triple point. Using the same embeddingf as above, we now choose r = E3 so we have 
5’ of (x, y, z) = (fixz, ayz, fixy). Th’ is surface has threefold symmetry and the double 
curve consists of three circles in RP2 determined by the three coordinate planes x = 0, 
y = 0, z = 0 in the original sphere. The image of the double curve consists of three segments 
along the coordinate axes with a triple point at the origin. The image in R3 has tetrahedral 
symmetry. It was first studied by Steiner who called it the Roman Surface. This mapping has 
six pinch points. Since an oriented basis of R3(c) followed by 5 must give the positive 
orientation of R4, we now must take El, E2, - E4 as the basis for R3(<). Thus the index at 
each of the endpoint on the z-axis is now + 1. Since the indices at the endpoints on the 
x-axis are the negatives of those on the y-axis, the total sum is now -t 2. 
We can see this very easily in the “heptahedron”, a simplexwise linear version of 
Steiner’s Roman surface. To describe it, we use the same triangulation of RP2 as in the 
previous example, but now we change the image of B3 to f (B3) = 0 (instead of - 2E3). The 
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Fig. 22. 
square with center B3 is now mapped to the horizontal square in R3, so we still have an 
embedding in R4, but if we project down 5 = E4, we have a triple point of the composed 
mapping 4’ ofat the origin: (0, 0,O) = t1 of(B,) = lL of(B2) = t1 of(B3). We can order the 
three points that map to the origin by their heights in the t-direction, i.e., 
r. f(B,) > 4. f(B3) > 5 .f(B2) and then determine the indices at each of the six pinch points 
(see Fig. 22). 
Here we have index - 1 at the pinch points on the z-axis and the x-axis and + 1 on the 
y-axis. Therefore v(<,f) = - A, + AZ - A3 - A4 + A5 - A6 and [v(f)] = - 2. (Note that 
the signs are the reverse of the smooth model because a different choice of { induced 
a different orientation on R3(4).) 
We now wish to show that for any embeddingf: M2 -+ R4 of a non-orientable surface 
with Euler characteristic x(M2) = 2 - q, the normal Euler number [v(f)] is congruent o 2q 
modulo 4. In particular this means for the real projective plane [v(f)] = 2 (mod 4). An effect 
of this result is that no embedding f: RP2 -+ R4 can project to an immersion t1 of: 
RP2 + R3, or, conversely, no immersion g : RP2 + R3 can be lifted to an embedding 
f: RP2 + R4 such that g = t1 of for some j’. 
We can establish this non-lifting property directly by appealing to a basic fact about 
a smooth or polyhedral immersion g : RP2 + R3, namely that the number of triple points of 
such an immersion is congruent o x(M2) modulo 2. (For an elementary proof using surgery 
techniques, see [2].) Thus if x(M2) is odd, there must be an odd number of triple points so 
that at least one double point curve must pass through triple points an odd number of times. 
The preimage of the part of the surface that follows such a curve is a single Mobius band, so 
as we go along the curve, it is not possible to determine a coherent choice of upper and 
lower sheet of the surface. Thus there can be no lifting of an immersion of a non-orientable 
surface with odd Euler characteristic to an embedding in R4 and, conversely, if an 
embedding of a non-orientable surface in R4 projects to an immersion in R3, x(M’) must be 
even. In this case, 0 = [v(f)] z ~;c(M’) (mod 4). Since x(M’) = 2 - q = q (mod 2), we also 
have [v(f)] E 2q (mod 4). 
We now proceed to prove property 3 in general, that is, for any embedding of 
a non-orientable surface M2 into R4, 
[v(f)] = 2x(M2) = 2q (mod 4). 
The proof involves a series of surgeries on r’ of(M2) in R3(4) to produce an immersed 
manifold which admits a lifting to R 4. For each surgery we show that A[v(f)] = 
A2q (mod 4). 
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The easiest situation occurs when all singular points of 5’ Ofare of figure eight type and 
there are no triple points lying on any double point arcs. We begin at one pinch point and 
follow the double curve to another. A sufficiently small tubular neighborhood of the double 
arc will meet the surface either in a pair of curves bounding the image of a cylinder or 
a single curve bounding the image of the Mobius band. In the first case we can excise the 
image of the cylinder and replace it with an embedded cylinder to get a new surface %i2 with 
the same Euler characteristic. We can then lift the image of RZ to an embedding $ H2 + R4 
which coincides with f outside the cylinder. Since the indices at the two pinch points have 
opposite signs, we have [v(f)] = [v(f)]. Note that this operation may change the topology 
of M2 so that for example M2 might be a Klein bottle while H2 becomes a torus. 
If the tubular neighbourhood is a Mobius band, we may replace it with a disc having the 
same boundary to get R2 and we can lift the image of R2 to an embedding f: R2 + R4 
which coincides with f outside the Mobius band. Then [v(f)] - [v(f)] = + 2 unll 
q - q = - x(m2) + x(M2) = 1. So 
Cv(f)l - Cv(f)l = 2@ - 4 (mod 4). 
After a finite number of such steps, we have no pinch points so the desired property is 
established. 
If the mapping t1 ofhas triple points which lie on double point arcs, we must use a more 
subtle procedure. In such a case, the surgeries described above might not be liftable to an 
embedding into R4, so instead we construct a different type of surgery which will preserve 
a liftable mapping at each stage. 
Consider first the case where the endpoints of a double point arc are of figure eight type 
with opposite signs. We remove a disc neighbourhood from each end exposing a figure eight 
with an overcrossing. We then take an arc from one crossing point to the other making the 
double point arc into a closed double point curve, such that the arc only intersects the 
surface transversely. We can then follow this arc with a figure eight tube joining the two 
figure eights, such that the tube also meets the surface transversely. Since the crossing 
indices have opposite sign, there is a consistent choice for the upper and lower arcs in R4. 
Thus we can lift the image of R2 to an embedding F M2 + R4 which coincides with 
,foutside the tube and such that the fourth coordinates of points on the tube are higher than 
those of the points on the surface whenever the tube intersects the surface (Fig. 23). 
This surgery changes the Euler characteristic by - 2, but does not change the normal 
Euler class, so 
Cv(f)l - v(f)1 = 2(~(~~) - xW2)) = % - d (mod 4). 
i 
I -;’ 
d:-- c$_-_ ._ 
<: I II 
‘4 
Fig. 23. 
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For a double point arc where both endpoints have the same index, this surgery cannot 
be lifted to R4 since the overcrossings will not match up. In this case, we first use an 
additional surgery to change the index at one of the endpoints. We do this by placing 
a small sphere about one of the pinch points and replacing the disc neighborhood inside the 
sphere with the region on the sphere complementary to the figure eight and the two discs it 
bounds. We thus obtain a new surface R2. (In the illustration given in Fig. 24, this region 
contains the two shaded regions on the bottom of the cube and the other five sides of the 
cube.) 
We then lift the image of R2 to an embedding5 m2 + R4 which coincides with f outside 
the small sphere. The index of the new singular point has sign opposite to that of the 
removed point. Moreover x(R2) = x(M’) - 1 since we removed a closed disc and replaced 
it with the union of a point, two open arcs and an open disc. So, 
[v(f)] - [v(f)1 = 2(x@‘) - x(M’)) = 2(q - 4) (mod 4). 
If 5’ of has only figure eight type crossings, after using the above surgeries a finite 
number of times we have an embeddingfsuch that l1 ofis an immersion. Thus x(lm’) is 
even and [v(f)] = 0. So 
[v(f)] = 2x(M2) = 2q (mod 4). 
If t1 of has singularities with multiple crossings, we can use a surgery similar to the 
previous one to break up one singularity with many crossings into many singularities, each 
with a single crossing. A small sphere about the vertex intersects the surface in a spherical 
polygon which divides the sphere into a collection of complementary regions. It is possible 
to separate these regions into two sets such that no two regions in the same set have 
a boundary edge in common. (This is a standard construction in plane topology, based on 
the lemma that any two spherical polygons that meet transversely must meet in an even 
number of points. Thus the complement of a spherical polygon will fall into two equivalence 
classes, where two points of the complement are related if and only if they can be joined by 
a path that meets the polygon transversely and at an even number of points.) If we replace 
the disc neighborhood inside the sphere with either of these two collections of regions, then 
the original singularity is now replaced with several figure eight type singularities. An 
example illustrates the procedure. The vertex with three double curves can be replaced with 
either the three shaded regions shown on the top right or the four shaded regions, the six 
side faces and the top face shown on the bottom right (see Fig. 25). 
The image of the new surface R2 can then be lifted to an embedding$lVf2 -+ R4 which 
coincides withf outside the small sphere. This surgery can change both the normal Euler 
number and the Euler characteristic, so we must show that [v(f)] - [v(f)] z 
2(x@i2) - x(M’)) (mod 4). 
Fig. 24 
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Fig. 25. 
Fig. 26. 
The value of [v(f)] - [v(f)] depends on whether or not it is possible to orient the 
crossing arcs on the new surface in the same way as on the original surface. This depends on 
which of the two collections of regions is chosen. In the example below, if the crossing arcs 
are oriented as on the left, then the top choice of a collection of regions allows the crossing 
arcs to be oriented in the same way, but the bottom choice does not (see Fig. 26). 
Each crossing where the arcs must be oriented differently contributes f 2 to 
[v(f)] - [v(f)]. Thus if i equals the number of such crossings, we must show that 
2i = 2(x(M2) - x(M’)) (mod 4) or i = x (M’) - x(M’) (mod 2). This can be done by a defor- 
mation argument. If there are no crossings, a disc is replaced by a disc and 
i = 0 = x(Ki2) - x(M’). By a series of moves patterned after the Reidemeister moves from 
knot theory one can change one collection of regions into any other. Therefore we must 
show that for each such move, we have Ai = Ax (mod 2). In the first two cases below, i does 
not depend on the orientation of the boundary segments; for the next two, i (mod 2) does 
not depend on the orientation of the segments; for the last case Ai (mod 2) does not depend 
on the orientation of the segments (Fig. 27). 
Since for all of the above moves, Ai - Ax (mod 2), we have i = x(F12) - x(M’) (mod 2). 
Thus 
Mf)l - LW)l = WFf2) - z(M2)) - ‘% - 4) (mod 4). 
We have proved the following theorem: 
THEOREM 3. If f: M2 + R4 is an embedding of a non-orientable surface, then [v( f )] s 
2x(M2) (mod 4). 
438 T. F. Banchoff and 0. Johnson 
x 
x = 2-5-t-3 
i=O 
x = 3-7+3 
irO 
x = 1-s-4 x = l-5+3 x = l-5+4 
i=O i=l i=O 
x = l-3+1 x = 2-7+3 x = 2-3+1 
i=O iE0 i-0 
x = l-5+4 
Air 1 
Fig. 21. 
Fig. 28. 
THE NORMAL EULER CLASS FOR LOCALLY KNOTTED POLYHEDRAL SURFACES 
We have already seen that all normal classes [v(f)] = - 2q, - 2q + 4, . . . ,2q - 4,2q 
can be realized for smooth or locally unknotted polyhedral embeddings into R4 of 
a non-orientable surface M,’ with Euler characteristic x(M~) = 2 - q. We now show that if 
we allow the embedding to be locally knotted at one point, then for each integer r we can 
obtain an embeddingf, of Mf with [v(fi)] = 2q + 4r. 
We first show the result for Mt, the real projective plane. We begin with a piecewise- 
linear embedding of the Mobius band into R3 c R4 with n = 2r + 1 half twists (see Fig. 28). 
We construct the embeddingf, of RP’ into R4 by taking the cone over the boundary of 
the Mobius band from a vertex v = E4. Then v(t,f, u) = + (2r + 1) and v(t,f, wi) = f 1 for 
i = 1,2, . . . ,2r + 1. It follows that [v(J)] = f (2 + 4r). For example, see Fig. 29. 
If instead we form the cone over the boundary of the Mobius band from V = - E4, we 
obtain a new embeddingfwith [v(J)] = - [v(fi)]. Therefore we can achieve all possible 
values 2 + 4r for the integral normal Euler class of an embedding of RP’. 
In order to obtain embeddings for other values of q we start with an embedding f of 
M& 1 with [v(f)] = 2(q - 1). We then use a surgery to attach this embedding to the 
embedding fi defined above to get an embedding x of Mi_ 1 #RP2 = Mi into R4 with 
[v(.f’l)] = 2q - 2 + 2 + 4r = 2q + 4r as required. 
The above construction shows that, without additional conditions, there is no polyhed- 
ral analogue for Whitney’s conjecture regarding bounds on the Normal Euler Number for 
non-orientable surfaces moothly embedded in 4-space. We conjecture that the polyhedral 
analogue does hold for locally unkotted polyhedral embeddings and that there should be 
a direct proof of this, not relying on the smooth results. 
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